We develop an approach for solving the string equations of motion and Virasoro constraints in any background which has some (unfixed) number of commuting Killing vector fields. It is based on a specific ansatz for the string embedding. We apply the above mentioned approach for strings moving in AdS 3 × S 3 × T 4 with 2-form NS-NS B-field. We succeeded to find solutions for a large class of string configurations on this background. In particular, we derive dyonic giant magnon solutions in the R t × S 3 subspace, and obtain the leading finite-size correction to the dispersion relation.
Introduction
A very important development in the field of string theory has been achieved for the case of AdS/CFT duality [1] between strings and conformal field theories in various dimensions. The most developed case is the correspondence between strings living in AdS 5 × S 5 and N = 4 SYM in four dimensions. Another example is the duality between strings on AdS 4 × CP 3 background and N = 6 super Chern-Simons-matter theory in three space-time dimensions.
The main achievements in the above examples are due to the discovery of integrable structures on both sides of the correspondence. Many other cases have been considered also [2] . In particular, for the case of large coupling constant (large string tension), relations between semi-classical limits of the string solutions and the relevant objects in the dual gauge theories have been found, based on the underlying integrable models appearing on both sides.
Another interesting area of research is the AdS 3 /CF T 2 duality [3] - [23] , related to AdS 3 × S 3 × T 4 and AdS 3 × S 3 × S 3 × S 1 string theory backgrounds. Here we will consider the classical string dynamics for the relatively simpler case of AdS 3 × S 3 × T 4 .
The paper is organized as follows. In Sec.2 we present our general approach to string dynamics in curved backgrounds with B-field. In Sec.3 we apply it to strings moving in AdS 3 × S 3 × T 4 with NS-NS B-field background. In Sec. 4 we restrict ourselves to giant magnon solutions [24] and derive the dispersion relation, including the leading finite-size effect on it. Sec.5 is devoted to our concluding remarks.
Strings in curved backgrounds with B-field: the general approach
Considering string dynamics in curved backgrounds with B-field, we develop an approach, which will allow us to obtain exact string solutions in sufficiently general string theory target spaces.
Bosonic string action, equations of motion and constraints
In our further considerations, we will use the Polyakov type action for the bosonic string in a D-dimensional curved space-time with metric tensor g M N (x), interacting with a background 2-form gauge field b M N (x) via Wess-Zumino term
, m, n = 0, 1, where
are the fields induced on the string worldsheet, γ is the determinant of the auxiliary worldsheet metric γ mn , and γ mn is its inverse. The position of the string in the background space-time is given by x M = X M (ξ m ), and T = 1/2πα ′ , Q are the string tension and charge, respectively. If we consider the action S P as a bosonic part of a supersymmetric one, we have to put Q = ±T . In what follows, Q = T .
The equations of motion for X M following from S P are:
where
are the components of the symmetric connection corresponding to the metric g M N , and the field strength of the gauge field b M N respectively. The constraints are obtained by varying the action S P with respect to γ mn :
Gauge choice and ansatz
In what follow we will use conformal gauge γ mn = η mn = diag(−1, 1) in which the string Lagrangian, the Virasoro constraints and the equations of motion take the following form:
3)
Now, let us suppose that there exist some number of commuting Killing vector fields along part of X M coordinates and split X M into two parts
where X µ are the isometric coordinates, while X a are the non-isometric ones. The existence of isometric coordinates leads to the following conditions on the background fields:
Then from the string action, we can compute the conserved charges
under the above conditions.
Next, we introduce the following ansatz for the string embedding
where Λ µ , α, β are arbitrary parameters. Further on, we will use the notation ξ = ασ + βτ .
Applying this ansatz, one can find that the equalities (2.3), (2.5) become
10)
Our next task is to try to solve the equations of motion (2.10) for the isometric coordinates,
i.e. for L = λ. Due to the conditions (2.4) imposed on the background fields, we obtain that
By using this, one can find the following first integrals forX µ : 12) where C ν are arbitrary integration constants. Therefore, according to our ansatz (2.6), the solutions for the string coordinates X µ can be written as
Now, let us turn to the remaining equations of motion corresponding to L = a, where
Taking this into account and replacing the first integrals forX µ already found, one can write these equations in the form (prime is used for d/dξ)
One can show that the above equations forX a can be derived from the effective Lagrangian
The corresponding effective Hamiltonian is
or in terms of the momenta p a conjugated toX
The Virasoro constraints (2.8), (2.9) become:
Finally, let us write down the expressions for the conserved charges (2.11)
with NS-NS B-field
The background geometry of this target space can be written in the following form 1 :
Now, we apply the formulation given in Sec. 2. According to our notations
Since g aµ = 0, the solutions (2.13) for the coordinates X µ are simplified to
where g µν and b νρ must be replaced from above. Now, we want to find the solutions for the non-isometric string coordinates X a . To this end we have to solve the equations (2.14), which in the case at hand reduce to
where the scalar potential U in (2.17) is represented as a sum of two parts: U r = U r (r) for the AdS 3 subspace and U θ = U θ (θ) for the S 3 subspace of the background.
Taking into account that the metric g ab is diagonal, one can find the following two first integrals of (3.4)X
It follows from here that
(3.6) So, we have two different expressions for dξ, which obviously must coincide. This is a condition for self-consistency. It leads to dr Cr−2Ur grr = dθ
which actually gives implicitly the "orbit" r(θ), i.e. how the radial coordinate r on AdS 3 depends on the angle θ in S 3 . Now, we have to check if the first integrals forX a (ξ) are compatible with the Virasoro constraints (2.18). ReplacingX a ′ in the first of them, one finds
Thus, we found all first integrals of the string equations of motion, compatible with the Virasoro constraints, which reduce to algebraic relations between the embedding parameters and the integration constants. Now, let us give the expressions for the conserved charges (2.19), corresponding to the isometric coordinates.
Here we used the following notations: E s is the string energy, S is the spin in AdS 3 , J 1 and J 2 are the two angular momenta in S 3 , while J T i are the four angular momenta on T 4 .
The explicit expressions for the string coordinates, the "orbit" r(θ), and the conserved charges in this background are given in Appendix A.
Giant magnon solutions
The giant magnon string solution was found in [24] . It is a specific string configuration, living in the R t × S 2 subspace of AdS 5 × S 5 with an angular momentum J 1 which goes to ∞. A similar configuration, dyonic giant magnon, has been obtained in [25] which moves in R t ×S 3 subspace with two angular momenta J 1 , J 2 with J 1 → ∞. These classical configurations have played an important role in understanding exact, quantum aspects of the AdS/CFT correspondence. In particular, corrections due to a large but finite J 1 obtained in [26] and [27] can provide a nontrivial check for the exact worldsheet S-matrix.
In this section we provide similar string solutions in AdS 3 × S 3 × T 4 with NS-NS B-field for a large but finite J 1 . A giant magnon solution with infinite angular momentum has been constructed in a recent paper [22] with a dispersion relation
This relation is already quite different from those for the ordinary (dyonic) giant magnons.
We will show that there exist even bigger differences for the finite-size corrections.
Exact results
In order to consider dyonic giant magnon solutions, we restrict our general ansatz (2.6) in the following way:
As a result, we can claim that
The terms proportional to q are due to the nonzero B-field on S 3 .
which comes from
Now, we can rewrite the first integrals forX µ on S 3 as
where χ = cos 2 θ.
The first Virasoro constraint, which in the case under consideration is the first integral of the equation of motion for θ, reduces to
Also, the second Virasoro constraint becomes
Taking (4.4) into account, we can rewrite (4.3) as dχ dξ
, (4.6)
and we introduced the notations
This leads to
Integrating (4.7) and inverting ξ(χ) to χ(ξ) ≡ cos 2 [θ(ξ)], one finds the following explicit
where DN is one of the Jacobi elliptic functions.
Next, we integrate (4.2), and according to our ansatz, obtain that the solutions for the isometric angles on S 3 are given by
where F and Π are the incomplete elliptic integrals of first and third kind.
By using (4.7), one can find also the conserved quantities, namely, the string energy E s and the two angular momenta J 1 , J 2 :
11)
12)
where K, E and Π, are the complete elliptic integrals of first, second and third kind, and ǫ is defined as
We will need also the expression for the angular difference ∆φ 1 . It can be found to be
The expressions (4.11), (4.12), (4.13), (4.15) are for the finite-size dyonic strings living in
Leading finite-size effect on the dispersion relation
In order to find the leading finite-size effect on the dispersion relation, we have to consider the limit ǫ → 0, since ǫ = 0 corresponds to the infinite-size case. In this subsection we restrict ourselves to the particular case when χ n = K = 0 3 . Then the third equation in (4.6) is satisfied identically, while the other two simplify to
, and ǫ becomes
The relevant expansions of the parameters are
Replacing (4.17), (4.18) into (4.16), one finds the following solutions in the small ǫ limit
The coefficients in the expansions of v and u, will be obtained by imposing the conditions that J 2 and ∆φ 1 do not depend on ǫ, as in the cases without B-field (AdS 5 × S 5 and AdS 4 × CP 3 ) and their T sT -deformations, where the B-field is nonzero, but its contribution is different.
Expanding (4.13) and (4.15) to the leading order in ǫ (now χ n = K = 0), one finds that on the solutions (4.19)
, (4.21)
24)
Now, let us turn to the energy-charge relation. Expanding (4.11) and (4.12) in ǫ and taking into account the solutions (4.19), (4.22) -(4.25), we obtain
The expression for ǫ can be found from the expansion of J 1 . To the leading order, it is given by ǫ = 16 exp
Next, we would like to express the right hand side of (4.26) in terms of J 2 and ∆φ 1 . To this end, we solve (4.20), (4.21) with respect to u 0 , v 0 . The result is
Replacing (4.28), (4.29) into (4.26), (4.27), one finds . (4.31)
Our result matches with that of [22] in (4.1) whebn we take ǫ → 0 limit by sending J 1 → ∞. This dispersion relation is different from the ordinary giant magnon which are with the infinite-size dispersion relation, found in. By setting , one finds that the two results coincide 4 The dispersion relation for the ordinary giant magnon with one nonzero angular momentum cam be obtained by setting J 2 = 1 and taking the limit T → ∞. To take into account the leading finite-size effect only, we restrict ourselves to the case when integration constants. The resulting family of string configurations may have very different properties for different values of the parameters involved. That is why, we concentrated on the finite-size dyonic giant magnon solutions in this background. We have shown that the finite-size dispersion relation of (dyonic) giant magnon solution in this background is different from the analogous ones in AdS 5 × S 5 , AdS 4 × CP 3 and their γ-deformations.
Our results on the leading finite-size correction to the dispersion relation can provide an important check for the exact integrability conjecture and S-matrix elements based on it.
We will report on this soon. Another possible direction of further investigation is to consider strings moving in AdS 3 × S 3 × S 3 × S 1 which has smaller set of isometric coordinates, hence, needs to solve more nontrivial equations of motion.
A Explicit exact solutions in AdS
with NS-NS B-field Let start with the solutions for the string coordinates in AdS 3 subspace. By using (2.17), (3.1) and (3.2), one can find that the scalar potential U r in (3.4) is given by
After introducing the variable 2) and replacing (A.1) into (3.6) one can rewrite it in the following form
where 0 ≤ y m < y < y p , y n < 0, and y p , y m , y n satisfy the relations
Integrating (A.3) and inverting
to y(ξ), one finds the following solution
where F is the incomplete elliptic integral of first kind and DN is one of the Jacobi elliptic functions.
Next, we will computeX t (ξ) andX φ (ξ) entering (3.3). Integrating
and using (A.5), we obtain the following solutions for the string coordinates t, φ, in accordance with our ansatz
where Π is the incomplete elliptic integral of third kind.
Let us compute now the string energy and spin on the solutions found. Starting from (3.8), (3.9), we obtain
where K, E and Π are the complete elliptic integrals of first, second and third kind.
Now we turn to the S 3 subspace. By using (2.17), (3.1) and (3.2), one can show that the scalar potential U θ in (3.6) can be written as
where we introduced the notation
Replacing (A.10) in (3.6), one can see that it can be written in the form
where 0 ≤ χ m < χ < χ p ≤ 1, χ n ≤ 0, and χ p + χ m + χ n = 1
, χ p χ m + χ p χ n + χ m χ n = 1
Based on (3.10) and the solutions for the string coordinates on S 3 we found, we can write down the explicit expressions for the conserved angular momenta J 1 and J 2 computed on the solutions. The result is
Now, let us go to the T 4 subspace. Since in terms of ϕ i coordinates the metric is flat and there is no B-field, the solutions for the string coordinates are simple and given by
The conserved charges (3.11) can be computed to be
If we impose the periodicity conditions ϕ i (τ, σ) = ϕ i (τ, σ + 2L) + 2πn i , n i ∈ Z i , the integration constants C i are fixed in terms of the embedding parameters. Namely,
Replacing (A.21) into (A. 19 ) and (A.20), one finally finds
Let us finally point out that the Virasoro constraints impose the following two conditions on the embedding parameters and integrations constants in the solutions found C r + C θ = 0, (A.23)
